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Outline	  
	  

•  Survey	  of	  numerical	  methods	  for	  the	  dri9-‐diffusion	  model	  
–  Stabilized	  FE	  and	  CVFEM	  formula7ons	  (SUPG,	  CVFEM-‐SU)	  
–  The	  Finite	  Volume	  ScharfeVer-‐Gummel	  formula7on	  (FVM-‐SG)	  
–  The	  good	  the	  bad	  and	  the	  ugly	  

•  New	  approach:	  stabiliza&on	  by	  H(curl)-‐li9ing	  of	  edge	  currents	  
–  Provides	  mul7dimensional	  extension	  of	  SG	  to	  unstructured	  quad	  grids	  
–  Directly	  approximates	  and	  upwinds	  the	  flux	  

•  Computa&onal	  studies	  
–  Standard	  advec7on	  test	  problems	  
–  PN	  Diode	  and	  N-‐channel	  MOSFET	  devices	  

•  Extensions	  
–  Parameter-‐free	  stabilized	  Galerkin	  method	  
–  2nd	  order	  accurate	  mul7-‐scale	  flux	  approxima7on	  
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The	  Dri9-‐Diffusion	  Model	  
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∇ ⋅(λ2∇φ)− (p − n +C) = 0

∂tn −∇ ⋅J n +R(φ ,n, p) = 0

∂t p +∇ ⋅J p +R(φ ,n, p) = 0
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un = µnE; u p = µ pE

Electric	  poten7al	  

Electron	  con7nuity:	  n=	  electron	  concentra7on	  

Hole	  con7nuity:	  p	  =	  hole	  concentra7on	  

Dri9	  	   Diffusion	  

Electric	  field	  

Electron	  current	  density	  

Hole	  current	  density	  

E = −∇φ
Jn = nµnE+Dn∇n
J p = pµpE−Dp∇p

#
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Carrier	  dri_	  veloci7es	  

  

€ 

Dn << un ; Dn << u p Strong	  dri_	  regime	  

We	  use	  the	  electron	  equa&on	  to	  present	  the	  method	  development	  



SAND2014-‐15039PE	  

Stabilized	  Formula&ons	  

•  Stabilized	  Finite	  Element	  method	  (SUPG)	  
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•  Stabilized	  CVFEM	  (CVFEM-‐SU)	  
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•  Use	  the	  same	  stabiliza&on	  parameter	  

•  Use	  the	  same	  C0	  nodal	  element	  for	  the	  carrier	  concentra&on	  	  
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The	  Scharfe[er-‐Gummel	  Finite	  Volume	  
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∂tn +R(φ,n, p)dV
Ci

∫ + J n ⋅ndS
∂Ci

∫ = 0 ∀Ci

Integrate	  con&nuity	  equa&on	  over	  topologically	  dual	  control	  volumes	  

Scahrfe[er-‐Gummel	  current	  es&mates	  Jij:	  assume	  Jij=const	  
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The	  good,	  the	  bad	  and	  the	  ugly	  

One	  Tau	  does	  not	  fit	  all:	  resolu&on	  of	  boundary	  vs.	  internal	  layers	  in	  SUPG	  &	  CVFEM-‐SU	  
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P.Knobloch.	  On	  the	  defini;on	  of	  	  the	  SUPG	  parameter.	  ETNA,	  32,	  76–89,2008.	  
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The	  good,	  the	  bad	  and	  the	  ugly	  
Approxima&on	  of	  a	  linear	  func&on	  by	  FVM-‐SG	  on	  grids	  with	  varying	  topological	  duality	  
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The	  good,	  the	  bad	  and	  the	  ugly	  

SUPG	   CVFEM-‐SU	   FVM-‐SG	  

Work	  on	  arbitrary	  unstructured	  grids	   Requires	  topologically	  dual	  grids	  

Require	  tunable	  stabiliza7on	  parameter	   No	  tunable	  parameters	  

Violate	  physical	  solu7on	  bounds	   Essen&ally	  monotone	  

Not	  conserva7ve	   Conserva&ve	   Conserva&ve	  

• 	  FVM-‐SG	  is	  the	  workhorse	  in	  virtually	  all	  commercial	  device	  simulators.	  
• 	  However,	  FVM-‐SG	  fails	  on	  general	  unstructured	  grids	  
• 	  Goal:	  method	  that	  combines	  the	  best	  proper&es	  and	  works	  on	  arbitrary	  grids	  
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The	  challenge	  
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Approxima&on	  of	  the	  flux	  integral:	  

Honest	  

Requires	  li9ing	  of	  the	  
edge	  currents	  into	  
elemental	  currents	  
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The	  H(curl)-‐li9ing	  approach	  

Use	  H(curl)	  conforming	  (edge)	  elements	  to	  extend	  edge	  currents	  into	  the	  elements	  
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H(curl)–conforming	  li9ing	  of	  the	  Scharfe[er-‐Gummel	  edge	  currents	  
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Jij =
aijDn

hij
n j coth(aij ) +1( )− ni coth(aij ) −1( )[ ]
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JSG = hijJij
edges
∑

 
W ij

Lowest-‐order	  Nedelec	  edge	  element	  basis	  
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The	  CVFEM-‐SG	  formula&on	  

•  Start	  with	  a	  standard	  nodal	  CVFEM	  formula&on	  	  
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∂tn + R(φ,n, p)dV
Ci

∫ + Jn (n) ⋅ndS
∂Ci

∫ = 0 ∀Ci
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Jn = nµnE + Dn∇n → JSG = hijJij
edges
∑

 
W ij

•  Swap	  the	  nodal	  flux	  with	  the	  H(curl)	  li9ing	  of	  the	  SG	  edge	  currents	  

•  Get	  the	  CVFEM-‐SG	  formula&on	  
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Ci
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∫ = 0 ∀Ci
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Why	  edge	  element	  li9ing?	  
Let’s	  examine	  the	  flux	  at	  the	  diffusive	  limit,	  i.e.,	  when	  the	  dri9	  velocity	  is	  zero	  

Theorem	  
	  	  	  	  	  	  Assume	  that	  the	  carrier	  dri_	  velocity	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  .	  Then	  the	  nodal	  flux	  has	  the	  form	  	  

	  

	  

Proof:	  	  	  Let	  {Ni}	  be	  the	  C0	  nodal	  basis,	  i.e.,	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  .	  	  
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edges	  

Row	  of	  the	  Node-‐to-‐Edge	  incidence	  
matrix	  (topological	  gradient)	  
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Why	  edge	  element	  li9ing?	  

Corollary	  
	  	  	  	  	  	  Assume	  that	  the	  carrier	  dri_	  velocity	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  .	  Then	  the	  nodal	  flux	  has	  the	  form	  	  

	  

	  

	  	  	  	  	  	  Where	  the	  edge	  currents	  	  	  	  	  	  	  	  	  solve	  the	  edge	  ODEs	  	  	  

	  

	  

Proof.	  Solving	  the	  edge	  ODE	  yields	  	  
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Diffusive	  flux	  =	  the	  H(curl)-‐li9ing	  of	  the	  Scharfe[er-‐Gummel	  edge	  currents!	  
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Consistency	  of	  the	  H(curl)	  li9ing	  
Lemma	  
	  	  	  	  	  	  Assume	  Dn	  and	  μn	  are	  constant	  and	  ψ	  is	  linear	  along	  the	  edges.	  In	  the	  pure	  diffusion	  limit	  

	  

Proof.	  	  

€ 

lim
u n→ 0

JSG = Jn (nh )

€ 

lim
u n→ 0

Jij = lim
aij → 0

aijDn

hij
n j coth(aij ) +1( )− ni coth(aij ) −1( )[ ] = Dn

n j − ni
hij

= Jij
0

CVFEM-‐SG	  as	  a	  Mul&scale	  Method	  
The	  mul7scale	  finite	  element	  basis	  {ϕi}	  (MFEM,	  	  Hou	  et	  al	  JCP	  1997)	  is	  defined	  by	  solving	  element	  PDEs	  

    

€ 

−∇ ⋅ φiµnE +Dn∇φi( ) = 0 in  Kr   and   φi = γ i on  Kr

−
d
ds

γ iµnEkl +Dn
dγ i
ds

' 

( 
) 

* 

+ 
, = 0 on  ekl    and   γ i(v k ) =δi

k; γ i(v l ) =δi
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➠ 	  MFEM:	   	   	  li_s	  the	  edge	  currents	  into	  scalar	  basis	  func&ons	  by	  solving	  element	  PDEs	  

➠ 	  CVFEM-‐SG:	   	  li_s	  the	  edge	  currents	  into	  an	  approxima&on	  of	  the	  current	  density	  directly	  
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The	  stabiliza&on	  mechanism	  
Theorem	  

Let IE denote	  the	  edge	  element	  interpolant.	  Then	  

JSG = IE (Jn (nh ))+Θ(nh ); Θ(nh ) = θij (Gijn)
edges
∑


Wij

JSG = IE (Jn (nh ))+Θ(nh )

Edge	  element	  interpolant	  of	  the	  (unstable)	  nodal	  flux	  

Stabilizing	  ar7ficial	  diffusion	  	  

Θ(nh ) = θij (Gijn)
edges
∑


Wij

Row	  of	  the	  Node-‐to-‐Edge	  incidence	  
matrix	  (topological	  gradient)	  

θij = Dij (aij cothaij −1)

Stabilizing	  edge	  diffusion	  
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Numerical	  results	  
•  Manufactured	  solu&on	  tests:	  

–  Convergence	  rates	  
–  Robustness	  on	  non-‐affine	  grids	  

•  Steady	  state	  scalar	  advec&on	  tests	  
–  Boundary	  +	  internal	  layer	  	  

•  Transient	  scalar	  advec&on	  tests	  
–  Rota7on	  of	  a	  cylinder	  
–  Skew	  advec7on	  of	  a	  cylinder	  

•  Device	  simula&ons	  (fully	  coupled	  nonlinear	  tests)	  
–  PN	  diode	  
–  N-‐channel	  MOSFET	  device	  
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Convergence	  rates	  

CVFEM-‐SG	   FVM-‐SG	   CVFEM-‐SU	  
Error	   L2	   H1	   L2	   H1	   L2	   H1	  

Grid	  	   Moderate	  driS	  case:	  Dn=1×10-‐3	  

32×32	   0.4373E-‐02	   0.7620E-‐01	   0.4364E-‐02	   0.7572E-‐01	   0.5764E-‐02	   0.1027E+00	  

64×64	   0.2108E-‐02	   0.4954E-‐01	   0.2107E-‐02	   0.4937E-‐01	   0.2712E-‐02	   0.6357E-‐01	  

128×128	   0.9870E-‐03	   0.3089E-‐01	   0.9870E-‐03	   0.3084E-‐01	   0.1164E-‐02	   0.3515E-‐01	  

Rate	   1.095	   0.681	   1.094	   0.679	   1.221	   0.854	  
Grid	   Strong	  driS	  case:	  Dn=1×10-‐5	  

32×32	   0.4732E-‐02	   0.7897E-‐01	   0.4723E-‐02	   0.7850E-‐01	   0.8161E-‐02	   0.1310E+00	  

64×64	   0.2517E-‐02	   0.5477E-‐01	   0.2515E-‐02	   0.5460E-‐01	   0.4194E-‐02	   0.9312E-‐01	  

128×128	   0.1298E-‐02	   0.3834E-‐01	   0.1298E-‐02	   0.3828E-‐01	   0.2122E-‐02	   0.6590E-‐01	  

Rate	   0.955	   0.514	   0.955	   0.514	   0.983	   0.499	  
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Robustness:	  random	  grids	  

(a) O(h2) (b) O(h) (c) O(1)

Figure 5: Approximation of a globally linear function by CVFEM-SG (top) and FVM-SG (bottom) on
64 � 64 randomly perturbed grids.

(a) tensor grid (b) smooth grid � = 0.1 (c) smooth grid � = 0.5

Figure 6: Approximation of a globally linear function by CVFEM-SG (top) and FVM-SG (bottom) on
64 � 64 structured nonuniform grids.

errors are by two orders of magnitude less than the FVM-SG errors. On the two smooth grids
the di⇥erences between the CVFEM-SG and the FVM-SG errors approach, and in some cases
exceed, three orders of magnitude. Finally, on the tensor product grid, which has a topologically
dual control volume grid K�

h(�), the CVFEM-SG and FVM-SG errors are nearly identical.
On the one hand these results provide further evidence that on topologically dual control vol-

ume grids K�
h(�) the CVFEM-SG and FVM-SG are computationally equivalent. On the other

hand, the data in Table 2 confirms that the topological duality of K�
h(�) is not a prerequisite for

the CVFEM-SG and that the new method remains stable and accurate even when the mesh is sig-
nificantly distorted. Comparison of the CVFEM-SG and CVFEM-SU errors in the last column
of Table 2 lends further credence to this conclusion. The ratio of the errors varies moderately
from 3.5 in favor of the new formulation to 11.35 in favor of the CVFEM-SU.

19

CVFEM-‐SG	  

FVM-‐SG	  
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Robustness:	  smooth	  non-‐affine	  grid	  
(a) O(h2) (b) O(h) (c) O(1)

Figure 5: Approximation of a globally linear function by CVFEM-SG (top) and FVM-SG (bottom) on
64 � 64 randomly perturbed grids.

(a) tensor grid (b) smooth grid � = 0.1 (c) smooth grid � = 0.5

Figure 6: Approximation of a globally linear function by CVFEM-SG (top) and FVM-SG (bottom) on
64 � 64 structured nonuniform grids.

errors are by two orders of magnitude less than the FVM-SG errors. On the two smooth grids
the di⇥erences between the CVFEM-SG and the FVM-SG errors approach, and in some cases
exceed, three orders of magnitude. Finally, on the tensor product grid, which has a topologically
dual control volume grid K�

h(�), the CVFEM-SG and FVM-SG errors are nearly identical.
On the one hand these results provide further evidence that on topologically dual control vol-

ume grids K�
h(�) the CVFEM-SG and FVM-SG are computationally equivalent. On the other

hand, the data in Table 2 confirms that the topological duality of K�
h(�) is not a prerequisite for

the CVFEM-SG and that the new method remains stable and accurate even when the mesh is sig-
nificantly distorted. Comparison of the CVFEM-SG and CVFEM-SU errors in the last column
of Table 2 lends further credence to this conclusion. The ratio of the errors varies moderately
from 3.5 in favor of the new formulation to 11.35 in favor of the CVFEM-SU.

19

CVFEM-‐SG	  

FVM-‐SG	  
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Robustness:	  MOSFET	  grid	  
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property is not a prerequisite for the stability and accuracy of the CVFEM-SG formulation. On
the other hand, these examples confirm that topological duality is a prerequisite for the stable
and accurate FVM-SG solution. Loss of topological duality by the control volume mesh K�

h(�)
not only reduces the accuracy but may lead to unphysical solutions and spurious oscillations.

The new method adapts automatically to solution features and does not require heuristic stabi-
lization parameters, or manual calibration. In particular, simulations of steady-state test problems
indicate that the CVFEM-SG can resolve boundary layers with minimal smearing, while resolu-
tion of internal layers tends to be more di⇥usive and may benefit from adaptive grid refinement.

Numerical results also suggest that the CVFEM-SG preserves well various physical solution
properties. For instance, simulation of time dependent test problems shows a reduced tendency
in the CVFEM-SG solutions to develop a drift-dependent bias. As a result, the CVFEM-SG
preserves better solution features such as solution symmetry. Lastly, although the new method
is not formally monotone, it exhibited minimal or none violations of physical solution bounds in
all simulation scenarios and behaved in an “essentially monotone” manner.
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Numerical results also suggest that the CVFEM-SG preserves well various physical solution
properties. For instance, simulation of time dependent test problems shows a reduced tendency
in the CVFEM-SG solutions to develop a drift-dependent bias. As a result, the CVFEM-SG
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Figure 7: CVFEM-SG and CVFEM-SU solutions of Example 3 on 64�64 randomly perturbed O(h) grid.

Solution plots in Figures 5–6 further illustrate the dichotomy between the CVFEM-SG and
the FVM-SG, as the grid distortion increases. Fig. 5(a) shows that the FVM-SG solution remains
accurate in the “eyeball” norm on the O(h2) grid, which is relatively close to an uniform grid.
However, as the strength of the perturbation increases from O(h2) to O(h) and O(1) the FVM-SG
solution deteriorates to a point where the results on the O(1) grid are unusable; see Fig. 5(c).
This deterioration strongly correlates with the severity of the loss of topological duality on the
O(h2), O(h) and O(1) grids. Calculations on smooth non-uniform grids with � = 0.1 and � = 0.5
illustrate a more subtle (and dangeroous) loss of accuracy in the FVM-SG. As � increases from
0.1 to 0.5, the loss of topological duality in K�

h(�) becomes more pronounced, causing significant
distortions in the FVM-SG solution; see Fig. 6(b)–(c). Yet, unlike the O(1) random grid case,
there are no telltale signs, such as spurious oscillations, to signal the loss of accuracy. Instead,
the degradation of the numerical solution manifests itself as a smooth mesh imprinting that is
hard to detect without knowledge of the exact solution. In summary, these results confirm that
the CVFEM-SG is impervious to the grid structure, whereas topologically dual control volumes
are of paramount importance for the accuracy of the FVM-SG.

Resolution of internal and boundary layers. Solutions of singularly perturbed problems can de-
velop internal and boundary layers. Stable and accurate resolution of these layers with minimal
overshoots and undershoots is a desirable property of numerical methods. To examine how the
new formulation handles such features we solve Examples 3-4 on various 64 � 64 grids.

We first consider Example 3, which has both an internal and a boundary layer. The plots in
Fig. 7(a) show the CVFEM-SG solution on 64�64 O(h) randomly perturbed grid. The boundary
layer is perfectly resolved while the internal layer exhibits moderate smearing. The numerical
solution has no noticeable overshoots and undershoots. The plots in Fig. 7(b) show the CVFEM-
SU solution on the same grid. The top of the boundary layer is slightly smeared but overall the
layer is well-resolved, while the internal layer is resolved more sharply than in the CVFEM-SG
solution. However, the CVFEM-SU solution develops substantial overshoots across this layer,
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Exact	   CVFEM-‐SG	   CVFEM-‐SU	   CVFEM-‐SUinf	  

Grid	   Pe	   min	   max	   min	   max	   min	   max	   min	   max	  

unif	   781	   0.00	   1.00	   0.00	   1.06	   -‐0.03	   1.30	   -‐0.04	   1.08	  

O(h)	   787	   0.00	   1.00	   0.00	   1.02	   -‐0.03	   1.16	   -‐0.03	   1.07	  

DMP	  

64×64	  O(h)	  	  
random	  grid	  
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Figure 12: Plots of the CVFEM-SG (top) and CVFEM-SU (bottom) solutions of Example 6.
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Figure 13: Contours of the CVFEM-SG (top) and CVFEM-SU (bottom) solutions of Example 6.
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Figure 12: Plots of the CVFEM-SG (top) and CVFEM-SU (bottom) solutions of Example 6.
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Figure 13: Contours of the CVFEM-SG (top) and CVFEM-SU (bottom) solutions of Example 6.
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Figure 11: Global bounds of the CVFEM-SG and CVFEM-SU solutions of Example 5.

Figures 12–13 present snapshots of the CVFEM-SG and CVFEM-SU solutions of Example
6 taken at t = 0.1, t = 0.25 and t = 0.5. The bottom row in Fig. 12 again shows a noticeable
streamline bias in the CVFEM-SU solution and the plots in Fig. 13 reveal the same pattern of
solution flattening in a direction perpendicular to the streamlines. In contrast, the CVFEM-SG
solution of this example exhibits no streamline bias whatsoever and remains essentially sym-
metric throughout the whole simulation. The plots in Fig. 14 also show that the CVFEM-SG
solution does not violate the global lower solution bound, and has a minimal overshoot (less
than 0.5%), which disappears in less than 20 time steps. The largest undershoots and overshoots
of the CVFEM-SU solution are not insignificant at over 7% each, and the undershoots remain
above 4% during the whole simulation period. As with Example 5, the peak of the CVFEM-SU
solution tends to dissipate faster than that in the CVFEM-SG.

In summary, simulations of the two time-dependent test problems suggest that the CVFEM-SG
is less prone than the CVFEM-SU to the emergence of a drift-dependent bias. As a result, the new
formulation does a better job in preserving features such as solution symmetry. As in the steady-
state case, violations of the physical solution bounds by the CVFEM-SG are minimal. In fact,
for most of the simulation time the CVFEM-SG performs as one would expect from a monotone
method. The “essentially monotone” behavior and the observed lower rate of dissipation of the
solution maximum, are valuable computational advantages of the CVFEM-SG formulation.

4.2. Application to semiconductor devices
The second part of our study involves simulations of the semiconductor devices shown in

Fig. 15. The main objective is to examine the performance of the CVFEM-SG for realistic
coupled nonlinear drift-di�usion models. The simulations use the CVFEM-SG implementation
in Charon and the model parameters in Table 4. Charon also provides an implementation of the
SUPG using bilinear elements and the stabilization parameter (40), as described in [22]. This
implementation, termed SUPG-FEM is the benchmark for the study.

4.2.1. Simulation of a silicon PN diode
We consider a silicon PN diode that is 0.5µm wide and 1.0µm long. The two halves meet at

the 0.5µm location; see Figure 15. The governing equations consist of the potential equation

⇥ · (�0�si⇥⇥) = �q(p � n + Nd � Na)
24
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Figure 14: Global bounds of the CVFEM-SG and CVFEM-SU solutions of Example 6.
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Figure 15: Structure of the semiconductor devices used in the simulations.

and the carrier continuity equations (7)–(8). The recombination term is given by

R =
np � n2

i

�p(n + ni) + �n(p + ni)
+ (cnn + cp p)(np � n2

i ) . (46)

The first component describes the Shockley–Read–Hall (SRH) recombination, and the second
term is the Auger recombination component. We refer to Table 4 for description of the parame-
ters in the diode model and the values used in the simulation.

Mesh dependence study. The objective is to compare the performance of the CVFEM-SG and
the SUPG-FEM as the size of the elements along the length of the device (the x-direction) varies
from coarse to fine, while the element size along the y-direction remains fixed. This study uses
partitions of the diode into rectangular elements and tests the ability of a method to correctly
represent the solution in the junction region as the mesh resolution along the length of the device
varies. We fix the number of elements in the y-direction equal to 10 and consider grids with 100
(fine), 50 (medium) and 20 (coarse) elements in the x-direction. The element size hy = 0.05µm
for all grids, whereas hx = 0.01µm, hx = 0.02µm and hx = 0.05µm for the fine, medium and
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Figure 14: Global bounds of the CVFEM-SG and CVFEM-SU solutions of Example 6.
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Figure 15: Structure of the semiconductor devices used in the simulations.

and the carrier continuity equations (7)–(8). The recombination term is given by

R =
np � n2

i

�p(n + ni) + �n(p + ni)
+ (cnn + cp p)(np � n2

i ) . (46)

The first component describes the Shockley–Read–Hall (SRH) recombination, and the second
term is the Auger recombination component. We refer to Table 4 for description of the parame-
ters in the diode model and the values used in the simulation.

Mesh dependence study. The objective is to compare the performance of the CVFEM-SG and
the SUPG-FEM as the size of the elements along the length of the device (the x-direction) varies
from coarse to fine, while the element size along the y-direction remains fixed. This study uses
partitions of the diode into rectangular elements and tests the ability of a method to correctly
represent the solution in the junction region as the mesh resolution along the length of the device
varies. We fix the number of elements in the y-direction equal to 10 and consider grids with 100
(fine), 50 (medium) and 20 (coarse) elements in the x-direction. The element size hy = 0.05µm
for all grids, whereas hx = 0.01µm, hx = 0.02µm and hx = 0.05µm for the fine, medium and
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Figure 14: Global bounds of the CVFEM-SG and CVFEM-SU solutions of Example 6.
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and the carrier continuity equations (7)–(8). The recombination term is given by

R =
np � n2

i

�p(n + ni) + �n(p + ni)
+ (cnn + cp p)(np � n2

i ) . (46)

The first component describes the Shockley–Read–Hall (SRH) recombination, and the second
term is the Auger recombination component. We refer to Table 4 for description of the parame-
ters in the diode model and the values used in the simulation.

Mesh dependence study. The objective is to compare the performance of the CVFEM-SG and
the SUPG-FEM as the size of the elements along the length of the device (the x-direction) varies
from coarse to fine, while the element size along the y-direction remains fixed. This study uses
partitions of the diode into rectangular elements and tests the ability of a method to correctly
represent the solution in the junction region as the mesh resolution along the length of the device
varies. We fix the number of elements in the y-direction equal to 10 and consider grids with 100
(fine), 50 (medium) and 20 (coarse) elements in the x-direction. The element size hy = 0.05µm
for all grids, whereas hx = 0.01µm, hx = 0.02µm and hx = 0.05µm for the fine, medium and
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(a) hx = 0.01µm
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(b) hx = 0.02µm
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(c) hx = 0.05µm

Figure 16: Mesh-dependence study. Top row: electron density scaled by the Na value, obtained from the
CVFEM-SG formulation. Middle row: a cross-section of the electric potential �, scaled by kBT/q, along
the length of the diode. Bottom row: cross sections of the carrier densities computed by the CVFEM-SG
and SUPG-FEM along the same direction. Red color is for electron density, and black color is for hole
density. Solid lines represent the SUPG-FEM solution and the circles are the CVFEM-SG solution.

electric potential �, becomes stronger than in the previous simulation. Figure 18 shows cross-
sections of � and the carrier densities along the length of the device. The carrier density plots in
the right panel indicate that the SUPG-FEM solution develops strong undershoots and becomes
negative in the junction region where the solid lines are discontinuous. On the other hand, the
CVFEM-SG densities show minimal undershoots around the junction and their values remain
positive as required for these physical quantities. These results demonstrate that in the strong
drift case the CVFEM-SG continues to yield physically correct solutions and performs better
than the SUPG-FEM.

4.2.2. MOSFET simulation
We consider simulation of an n-channel metal-oxide semiconductor field-e⇥ect transistor

(MOSFET) device shown in Figure 15. A thin silicon dioxide layer (�ox) adjacent to the gate
electrode and the main silicon body (�si) form the MOSFET device structure. Within the body
where the source and drain terminals are connected there are highly doped regions with doping
concentrations Nd that di⇥er from the doping concentration of the main body Na. For the device
modeled here, the silicon dioxide layer has a thickness of 50 nm and a length of 7 µm. The total
length of the MOSFET device is 8 µm and the height of the silicon region is 4 µm.
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Figure 18: Strong drift case. Left: a cross-section of the electric potential, scaled by kBT/q, along the
length direction of the diode. Right: cross sections of the carrier densities computed by the CVFEM-SG
(circles) and SUPG-FEM (solid lines) along the same direction. Red color is for electron density, and black
color is for hole density.

To demonstrate this challenge we first solve Example 1 on the MOSFET grid. Figure 20 shows
that the CVFEM-SG solution correctly represents the manufactured linear solution despite the
highly unstructured nature of the grid in the upper left and right regions. In contrast, the FVM-
SG solution has significant numerical errors. Their strength correlates with the regions where the
grid deviates the most from a logically rectangular topology, i.e., where E(vi) , 4.

The second MOSFET simulation compares the violation of physical solution bounds in the
CVFEM-SG and SUPG-FEM solutions. We use the parameter values from Table 4 and set
Vg = 2.0V , Vd = 1.0V , Vs = Vsub = 0. Figures 21–22 present the results.

Figure 21 shows contour plots of the electron density by the two methods along with the
corresponding solution ranges. While the maximum solution values for the CVFEM-SG and
the SUPG-FEM di⇥er by less than 1%, their lower bounds paint a di⇥erent picture. Recall that
the physical lower bound on the electron density is zero. The minimum value of the CVFEM-
SG solution is �4.0 ⇥ 10�10, i.e., it is practically zero. On the other hand, the SUPG-FEM
solution violates the lower bound by 2.8 ⇥ 10�3, i.e., seven orders of magnitude higher than in
the CVFEM-SG solution. To asses further the violation of the lower physical bound by the two
methods, we zoom into the negative solution range. Figure 22 shows the corresponding contour
plots. From these plots it is clear that the SUPG-FEM electron density assumes negative values
over a substantially larger portion of the MOSFET device than the CVFEM-SG density.

5. Conclusions

We presented a new control volume finite element method for the drift-di⇥usion equa-
tions (CVFEM-SG). The lifting of the Scharfetter-Gummel edge currents into an H(curl,�)-
conforming elemental currents is the key juncture in the new method. This lifting enables a
truly multidimensional extension of the classical Scharfetter-Gummel upwinding and yields a
numerical scheme that remains stable and accurate on general unstructured grids.

If the control volume grid K⇥
h(�) is topologically dual to the primal grid Kh(�) our new method

is computationally equivalent to the classical Scharfetter-Gummel Box Integration Method
(FVM-SG). However, the numerical examples in this paper conclusively demonstrate that this
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Figure 14: Global bounds of the CVFEM-SG and CVFEM-SU solutions of Example 6.
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and the carrier continuity equations (7)–(8). The recombination term is given by

R =
np � n2

i

�p(n + ni) + �n(p + ni)
+ (cnn + cp p)(np � n2

i ) . (46)

The first component describes the Shockley–Read–Hall (SRH) recombination, and the second
term is the Auger recombination component. We refer to Table 4 for description of the parame-
ters in the diode model and the values used in the simulation.

Mesh dependence study. The objective is to compare the performance of the CVFEM-SG and
the SUPG-FEM as the size of the elements along the length of the device (the x-direction) varies
from coarse to fine, while the element size along the y-direction remains fixed. This study uses
partitions of the diode into rectangular elements and tests the ability of a method to correctly
represent the solution in the junction region as the mesh resolution along the length of the device
varies. We fix the number of elements in the y-direction equal to 10 and consider grids with 100
(fine), 50 (medium) and 20 (coarse) elements in the x-direction. The element size hy = 0.05µm
for all grids, whereas hx = 0.01µm, hx = 0.02µm and hx = 0.05µm for the fine, medium and
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N-‐channel	  MOSFET	  simula&ons	  
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Figure 14: Global bounds of the CVFEM-SG and CVFEM-SU solutions of Example 6.
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Figure 15: Structure of the semiconductor devices used in the simulations.

and the carrier continuity equations (7)–(8). The recombination term is given by

R =
np � n2

i

�p(n + ni) + �n(p + ni)
+ (cnn + cp p)(np � n2

i ) . (46)

The first component describes the Shockley–Read–Hall (SRH) recombination, and the second
term is the Auger recombination component. We refer to Table 4 for description of the parame-
ters in the diode model and the values used in the simulation.

Mesh dependence study. The objective is to compare the performance of the CVFEM-SG and
the SUPG-FEM as the size of the elements along the length of the device (the x-direction) varies
from coarse to fine, while the element size along the y-direction remains fixed. This study uses
partitions of the diode into rectangular elements and tests the ability of a method to correctly
represent the solution in the junction region as the mesh resolution along the length of the device
varies. We fix the number of elements in the y-direction equal to 10 and consider grids with 100
(fine), 50 (medium) and 20 (coarse) elements in the x-direction. The element size hy = 0.05µm
for all grids, whereas hx = 0.01µm, hx = 0.02µm and hx = 0.05µm for the fine, medium and
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(a) Na = Nd = 1.0 � 1016
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(b) Na = Nd = 1.0 � 1017
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(c) Na = Nd = 1.0 � 1018

Figure 17: Doping dependence study. Top row: electron density scaled by the Na value, obtained from the
CVFEM-SG formulation. Middle row: a cross-section of the electric potential ⇥, scaled by kBT/q, along
the length of the diode. Bottom row: cross sections of the carrier densities computed by the CVFEM-SG
and SUPG-FEM along the same direction. Red color is for electron density, and black color is for hole
density. Solid lines represent the SUPG-FEM solution and the circles are the CVFEM-SG solution.

For the n-channel MOSFET device the governing drift-di⇥usion equations (6)–(8) specialize
to a coupled system consisting of a Laplace equation for electric potential (⇥) in the silicon
dioxide layer, a Poisson equation for the electric potential in the main body, and a continuity
equation for the electron concentration (n) in the main body:

⇥ · (�0�ox⇥⇥) = 0 in �ox

⇥ · (�0�si⇥⇥) = �q
�
ni exp

��q⇥
kBT

⇥
� n + Nd � Na

⇥
in �si

⇥ · (nµn⇥⇥� Dn⇥n) = 0 in �si .

(47)

The MOSFET model does not include a recombination/generation term. We refer to Table 4 for
description of the parameters in the model. We carry out the numerical simulations using Charon
to solve the coupled system of nonlinear PDEs (47), discretized by the SUPG-FEM and CVFEM-
SG on a non-uniform partition Kh(�) of the MOSFET device into 10, 866 quadrilateral elements.
The simulations use the parameter values in Table 4. The mesh is refined in the doped regions,
the silicon dioxide layer, and along the channel region as displayed in Figure 19. The resulting
grid is both highly non-uniform and logically non-rectangular, i.e., E(vi) does not equal 4 in all
cases. Figure 19 shows that in the refined regions E(vi) varies between 3 and 6. This represents
an additional challenge for FVM-SG, which requires topologically dual control volumes.

29

Figure 21: 2D contour plots of the electron density, scaled by 1.0 � 1015cm�3, over the full device. The
left panel is the SUPG-FEM solution, and the right panel is the CVFEM-SG solution. The color legends in
both panels show the global solution bounds for each method.

Figure 22: 2D contour plots of the electron density, scaled by 1.0 � 1015cm�3, zoomed in the negative
value regime shown over the full device. The left panel is the SUPG-FEM solution, and the right panel is
the CVFEM-SG solution.
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Extensions:	  Parameter-‐free	  stabilized	  Galerkin	  

JSG = IE (Jn (nh ))+Θ(nh )

Edge	  element	  interpolant	  
of	  the	  (unstable)	  nodal	  flux	  

Ar7ficial	  diffusion	  	  Θ(nh ) = θij (Gijn)
edges
∑


Wij

θij = Dij (aij cothaij −1)

$

%
&

'& Edge	  diffusion	  

Recall	  the	  stabiliza&on	  mechanism	  of	  the	  elemental	  H(curl)	  flux:	  

How	  can	  we	  use	  this	  in	  a	  Galerkin	  method?	  

1.  Discard	  the	  interpolant	  of	  the	  unstable	  nodal	  flux	  
2.  Use	  ar7ficial	  diffusion	  term	  to	  define	  a	  symmetric	  diffusion	  form	  
3.  Augment	  standard	  Galerkin	  formula7on	  by	  this	  form	  	  
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Parameter-‐free	  stabilized	  Galerkin	  

Combine	  with	  a	  symmetric	  ar&ficial	  diffusion	  form	  

Start	  with	  a	  standard	  Galerkin	  formula&on	  

a(nh,mh ) := F(nh ) ⋅∇mh dx = fmh dx
Ω

∫
Ω

∫

Q(nh,mh ) := Θ(nh ) ⋅ Θ(mh )dx
Ω

∫
Θ(nh ) = θij (Gijn)

edges
∑


Wij

θij = Dij (aij cothaij −1)

$

%
&

'
&

Get	  a	  new	  stabilized	  method	  

a(nh,mh )+Q(nh,mh )
ah (nh ,mh )

   = fmh dx
Ω

∫



SAND2014-‐15039PE	  

Analysis	  

Theorem	  (Stability)	  

There	  exists	  ρ	  independent	  of	  ε,	  h	  and	  un	  such	  that	  
	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  on	  triangles	  and	  tets	  
	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  on	  quads	  and	  hexes	  
	  

ah (nh,nh ) ≥ ρh un ∇nh 0,k

2

elements
∑

ah (nh,nh ) ≥ ρh un ⋅∇nh 0,k

2

elements
∑

un (x) =
un ⋅ ti (x)+un ⋅ t j(x)
un ⋅ ti (x)+un ⋅ t j(x)+un ⋅ tk (x)

"
#
$

%$

Effec&ve	  velocity	  field	  on	  quad/hex	  element	  k	

t j(x)

ti (x)
un

un
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Analysis	  

Theorem	  (Error	  es&mates)	  

ε n− nh 1
≤C h n

2
n− nh 0

≤Ch h
ε
n

2

Actual	  L2	  errors	  less	  sensi&ve	  to	  small	  diffusivity	  than	  suggested	  by	  this	  es&mate	


Stability	  es&mate	  implies	  the	  method	  is	  more	  diffusive	  on	  triangles	  and	  tets	
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Fig. 4.1. Solution (b) of the Double Glazing test problem (4.1) with " = 0.00001 on a 64⇥64 uniform triangular
grid (a) and a 64⇥ 64 uniform quadrilateral grid (c) by (2.14).

grids. Since this superconvergent behavior does not seem to extend to the H1-seminorm error, its
further investigation is beyond the scope of this paper.

Finally, it is worth pointing out that convergence rates on quadrilaterals are slightly, but con-
sistently, higher than on triangles. Theorem 3.3 provides a possible explanation of this observation.
Specifically, stability bounds (3.3) and (3.4) suggest that the stabilized method (2.14) is less di↵usive
on quadrilateral girds. We will further examine this conjecture in Section 4.2.

4.2. Qualitative properties. Although asymptotic convergence rates are an important quan-
titative measure of the accuracy of numerical methods they don’t always tell the whole story about
their computational properties. In this section we use the challenging “Double Glazing” advection
test [8, Example 3.1.4, p.119] to provide a complementary, qualitative perspective on (2.14). On
the unit square the Double Glazing advection test is specified by

(4.1) u =

✓

2(2y � 1)(1� (2x� 1)2)
�2(2x� 1)(1� (2y � 1)2)

◆

; f = 0; and g =

⇢

1 on �R

0 on �B [ �T [ �L
.

Problem (4.1) models temperature distribution in a cavity with a “hot” external wall (�R). The
discontinuities at the two corners of the hot wall create boundary layers near its corners.

Triangles vs. quadrilaterals. According to Theorem 3.3 on tensor product elements the stabi-
lized form ah(·, ·) is bounded from below by the streamline derivative of the finite element solution
along the e↵ective elemental advective velocity u

k

. On the other hand, for simplicial elements this
form is bounded from below by the gradient of the finite element solution. The di↵erence in the
stability bounds (3.3) and (3.4) prompts a conjecture that (2.14) will be less di↵usive on tensor
product elements. To test this conjecture we solve (4.1) with " = 0.00001 on uniform 64 ⇥ 64
triangular and quadrilateral grids. Figure 4.1 presents the solution plots, which clearly show the
more di↵usive behavior of the finite element solution on the triangular grid.

Edge flux stabilized vs. “symmetrized” stabilized formulations. Direct stabilization by the edge
element flux FE(�h) in (2.11) introduces the non-symmetric artificial di↵usion kernel exposed in
(2.12). The lack of symmetry in this kernel may be detrimental for the accuracy on unstructured
grids. Figure 4.2 compares solution of the Double Glazing test problem with " = 0.0001 by (2.11)
and the new “symmetrized” formulation (2.14) on a 64⇥64 randomly perturbed quadrilateral grid.
From the plots it is evident that the solution of (2.11) su↵ers from numerical noise, whereas the
“symmetrized” formulation is not a↵ected by the mesh structure. These observations can be further
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grids. Since this superconvergent behavior does not seem to extend to the H1-seminorm error, its
further investigation is beyond the scope of this paper.

Finally, it is worth pointing out that convergence rates on quadrilaterals are slightly, but con-
sistently, higher than on triangles. Theorem 3.3 provides a possible explanation of this observation.
Specifically, stability bounds (3.3) and (3.4) suggest that the stabilized method (2.14) is less di↵usive
on quadrilateral girds. We will further examine this conjecture in Section 4.2.

4.2. Qualitative properties. Although asymptotic convergence rates are an important quan-
titative measure of the accuracy of numerical methods they don’t always tell the whole story about
their computational properties. In this section we use the challenging “Double Glazing” advection
test [8, Example 3.1.4, p.119] to provide a complementary, qualitative perspective on (2.14). On
the unit square the Double Glazing advection test is specified by

(4.1) u =

✓

2(2y � 1)(1� (2x� 1)2)
�2(2x� 1)(1� (2y � 1)2)

◆

; f = 0; and g =

⇢

1 on �R

0 on �B [ �T [ �L
.

Problem (4.1) models temperature distribution in a cavity with a “hot” external wall (�R). The
discontinuities at the two corners of the hot wall create boundary layers near its corners.

Triangles vs. quadrilaterals. According to Theorem 3.3 on tensor product elements the stabi-
lized form ah(·, ·) is bounded from below by the streamline derivative of the finite element solution
along the e↵ective elemental advective velocity u

k

. On the other hand, for simplicial elements this
form is bounded from below by the gradient of the finite element solution. The di↵erence in the
stability bounds (3.3) and (3.4) prompts a conjecture that (2.14) will be less di↵usive on tensor
product elements. To test this conjecture we solve (4.1) with " = 0.00001 on uniform 64 ⇥ 64
triangular and quadrilateral grids. Figure 4.1 presents the solution plots, which clearly show the
more di↵usive behavior of the finite element solution on the triangular grid.

Edge flux stabilized vs. “symmetrized” stabilized formulations. Direct stabilization by the edge
element flux FE(�h) in (2.11) introduces the non-symmetric artificial di↵usion kernel exposed in
(2.12). The lack of symmetry in this kernel may be detrimental for the accuracy on unstructured
grids. Figure 4.2 compares solution of the Double Glazing test problem with " = 0.0001 by (2.11)
and the new “symmetrized” formulation (2.14) on a 64⇥64 randomly perturbed quadrilateral grid.
From the plots it is evident that the solution of (2.11) su↵ers from numerical noise, whereas the
“symmetrized” formulation is not a↵ected by the mesh structure. These observations can be further

Triangle	  grid	


Quad	  grid	
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Extension	  to	  a	  2nd	  order	  accurate	  formula&on	  

Requires	  2nd	  order	  Nedelec	  elements:	  12	  DoF	  associated	  with	  element	  sub-‐edges	  

e15	
 e52	


e59	


e97	


e96	


e63	


e26	


e89	


e47	


e73	


e84	


e18	


p1	
 p2	


p3	


p4	


p5	


p6	


p7	


p8	
 p9	


p3	


p1	
 p2	


p4	


p5	


p6	


p7	


p8	
 p9	


-‐ 	  Divide	  each	  element	  into	  4	  sub-‐elements	  
-‐ 	  Define	  control	  volumes	  for	  each	  sub-‐element	  node	  
-‐ 	  Define	  2nd	  order	  fluxes	  Fij	  on	  element	  sub-‐edges	  
-‐ 	  Use	  2nd	  order	  edge	  elements	  to	  li_	  Fij	  	  into	  an	  elemental	  flux	  Fh	  	  
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Mul&-‐scale	  sub-‐edge	  fluxes	  

A	  mesh	  segment	  comprising	  two	  sub-‐edges	  
p1	
 p2	
 p2	
 p3	


p1	
 p2	
 p3	
e23	
e12	


s123	


m12	
 m23	


A	  segment	  flux	  of	  a	  real	  func&on	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

€ 

φ : sα →R

  

€ 

∇⋅ F(φ) = f  where  F(φ) = ε∇φ −uφModel	  advec&on-‐diffusion	  equa&on:	  

Fα (s) = εα !φ −uαφ

Assume	  	  	  	  	  	  	  	  	  	  	  	  is	  such	  that	  	  	  

€ 

φ(s)

Interpolates	  nodal	  values	  along	  S123	


Its	  segment	  flux	  is	  a	  linear	  func7on	  

€ 

Fα (s) = A + Bs

€ 

φ(0) = φ1 φ(h /2) = φ2 φ(h) = φ3

Define	  sub-‐edge	  fluxes	  according	  to	  

€ 

εα $ φ (h /4) − uαφ(h /4)

€ 

εα $ φ (3h /4) − uαφ(3h /4)

p1	
 m12	
 p2	


p2	
 m23	
 p3	


€ 

→

€ 

→

€ 

→

€ 

→

€ 

→

€ 

→

€ 

→

F12 = Fα (m12 )

F23 = Fα (m23)
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Connec&on	  with	  Scharfe[er-‐Gummel	  fluxes	  

Theorem	  

  

€ 

F12 =Φ(φ1,φ2) + γ (
 
φ )

  

€ 

F23 =Φ(φ2,φ3) + γ (
 
φ )

€ 

Φ(φ1,φ2) =
uα
2

φ2(cothqα −1) −φ1(cothqα +1)( )

€ 

Φ(φ2,φ3) =
uα
2

φ3(cothqα −1) −φ2(cothqα +1)( )

  

€ 

γ (
 
φ ) =

εα
h
(cothqα −1) φ1(cothqα +1) − 2φ2 cothqα + φ3(cothqα −1)( )

where	  

and	  

Proof:	     

€ 

φ(s) = C1(
 
φ )exp(suα /εα ) +C2(

 
φ ) + sC3(

 
φ )   

€ 

⇒ F(s) = −uαC2(
 
φ ) + (εα − suα )C3(

 
φ )

  

€ 

C2(
 
φ ) = φ1 −

φ1 − 2φ2 + φ3
exp pα −1( )2

  

€ 

C3(
 
φ ) = −2

exp pα( )φ1 − exp pα −1( )φ2 + φ3

exp pα −1( )2

€ 

pα =
uαh
2εα

; qα = pα /2

where	  
p1	
 p2	
 p2	
 p3	


p1	
 p2	
 p3	


e23	
e12	


€ 

Φ(φ1,φ2)

€ 

Φ(φ2,φ3)
  

€ 

γ (
 
φ )

Classical	  ScharfeVer-‐Gummel	  fluxes!	  

Mul7-‐scale	  correc7on	  
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Stabiliza&on	  sources	  

€ 

Φ(φ1,φ2) = f12 +εαqα (cothqα −1)
φ2 −φ1
h /2

€ 

f12 = −uα
φ1 + φ2
2

+εα
φ2 −φ1
h /2

≈ F(m12)

€ 

Φ(φ2,φ3) = f23 +εαqα (cothqα −1)
φ3 −φ2
h /2

€ 

f12 = −uα
φ2 + φ3
2

+εα
φ3 −φ2
h /2

≈ F(m23)

Scharfe[er-‐Gummel	  fluxes	  comprise	  flux	  approxima&on	  +	  diffusive	  flux	  term	  

Mul&-‐scale	  correc&on	  term	  comprises	  diffusive	  +	  an&-‐diffusive	  flux	  terms	  

γ (

φ ) = −εα (qα cothqα −1)

φ3 −φ1
h

+εαhcothqα (cothqα −1)
φ1 − 2φ2 +φ3

h2
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Convergence	  rates	  

CVFEM-‐SG	   CVFEM-‐SU	   SUPG	  
Error	   L2	   H1	   L2	   H1	   L2	   H1	  

Subelements	   Moderate	  driS	  case:	  Dn=1×10-‐3	  

32×32	   0.1128E-‐01	   0.6921E+00	   0.7628E-‐01	  	   0.9576E+00	   0.2974E-‐02	   0.3894E+00	  	  

64×64	   0.2346E-‐02	   0.3188E+00	   0.3428E-‐01	  	   0.4843E+00	   0.7080E-‐03	   0.1941E+00	  

128×128	   0.4395E-‐03	  	   0.1331E+00	   0.1352E-‐01	  	   0.2264E+00	  	   0.2014E-‐03	   0.9703E-‐01	  	  

Rate	   2.28	   1.16	   1.27	   1.19	   1.43	   1.00	  

Grid	   Strong	  driS	  case:	  Dn=1×10-‐5	  

32×32	   0.1357E-‐01	   	  0.7600E+00	   0.8535E-‐01	   	  0.1075E+01	   0.3047E-‐02	  	   0.3912E+00	  	  

64×64	   0.3287E-‐02	   0.3842E+00	  	   0.4273E-‐01	  	   0.6043E+00	   0.6727E-‐03	   0.1946E+00	  

128×128	   0.8054E-‐03	   0.1927E+00	   0.2130E-‐01	   0.3569E+00	  	   0.1589E-‐03	   0.9714E-‐01	  

Rate	   2.06	   1.00	   1.00	   0.76	   2.08	   1.00	  
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Example	  1	  

CVFEM-MS CVFEM-SU SUPG

Figure 5: Solution of Example 1 by CVFEM-MS, CVFEM-SU and SUPG on 64⇥64 mesh with 128⇥128
sub-elements. Top row: " = 1 ⇥ 10�3. Bottom row: " = 1 ⇥ 10�3

Figures 6–7 show surface and contour plots of the CVFEM-MS, CVFEM-SU and SUPG solu-
tions of Example 2. In particular, Figure 7 suggest about the same level of smearing by all three
methods. In the more di↵usive norms the three solutions are essentially identical in the ‘eyeball
norm”, which is consistent with the data in Table 3. In the less di↵usive case all three methods
exhibit overshoots and undershoots along the internal layer caused by the discontinuity in the
boundary data. However, their size in the CVFEM-MS remains about the same along the layer,
whereas CVFEM-MS and SUPG develop significant overshoots exceeding 25% at the overflow
boundary.

Finally, Figures 6–7 present surface and contour plots of CVFEM-MS, CVFEM-SU and SUPG
solutions of Example 3. In the more di↵usive case their solutions are virtually undistinguishable,
suggesting that the three methods perform equally well. These conclusions are consistent with
the data in Table 3, which shows no violation of physical solution bounds by the three methods.
In the less-di↵usive case CVFEM-MS exhibits 0.3% undershoot, which is too small to be seen
in the figures. In contrast, CVFEM-SU and SUPG develop significant, visible undershoots along
the right boundary.

5. Conclusions

We used H(curl) lifting of multi-scale edge fluxes by second-order Nedelec edge elements
to define a new, parameter-free stabilized control volume finite element method for advection-
di↵usion equations. Numerical studies of convergence rates using four di↵erent manufactured
solution configurations confirm that the new method is second-order accurate. Qualitative nu-
merical studies of the method using standard advection tests reveal that the new formulation is
exceptionally robust and accurate in resolving boundary layers. In particular, for problems hav-
ing only boundary layers, the new method yields practically monotone solutions. Its ability to
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Example	  2	  

CVFEM-MS CVFEM-SU SUPG

Figure 6: Solution of Example 2 by CVFEM-MS, CVFEM-SU and SUPG on 64⇥64 mesh with 128⇥128
sub-elements. Top row: " = 1 ⇥ 10�3. Bottom row: " = 1 ⇥ 10�3
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CVFEM-MS CVFEM-SU SUPG

Figure 7: Solution of Example 2 by CVFEM-MS, CVFEM-SU and SUPG on 64⇥64 mesh with 128⇥128
sub-elements. Top row: " = 1 ⇥ 10�3. Bottom row: " = 1 ⇥ 10�3

resolve internal layers caused by discontinuities in the boundary data is comparable to that of
CVFEM-SU and SUPG and exhibits smaller overshoots and undershoots.
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CVFEM-MS CVFEM-SU SUPG

Figure 8: Solution of Example 3 by CVFEM-MS, CVFEM-SU and SUPG on 64⇥64 mesh with 128⇥128
sub-elements. Top row: " = 1 ⇥ 10�3. Bottom row: " = 1 ⇥ 10�3
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Figure 9: Solution of Example 3 by CVFEM-MS, CVFEM-SU and SUPG on 64⇥64 mesh with 128⇥128
sub-elements. Top row: " = 1 ⇥ 10�3. Bottom row: " = 1 ⇥ 10�3
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Summary	  
•  The	  H(curl)	  li9ing	  approach	  allows	  to	  combine	  the	  best	  proper&es	  of	  the	  classical	  

Scharfe[er-‐Gummel	  scheme	  with	  the	  flexibility	  of	  standard	  nodal	  finite	  elements:	  
–  Locally	  conserva7ve	  carrier	  current	  densi7es	  	  
–  Essen7ally	  monotone	  behavior	  (1st	  order	  formula7on)	  
–  Topologically	  dual	  control	  volumes	  not	  required	  

–  No	  tunable	  stabiliza&on	  parameters!	  

No	  grid	  
restric7ons	  

No	  tunable	  
parameters	  

Conserva7ve	   Essen7al	  
DMP	  

Order	  

CVFEM-‐MS	   ✔	   ✔	   ✔	   Sort	  of	  …	   2	  

CVFEM-‐SG	   ✔	   ✔	   ✔	   ✔	   1	  

CVFEM-‐SU	   ✔	   ✗	   ✔	   ✗	   1	  

SUPG	   ✔	   ✗	   ✗	   ✗	   2	  

FVM-‐SG	   ✗	   ✔	   ✔	   ✔	   1	  

Bochev,	  Peterson,	  Gao	  (2013)	  "A	  new	  control	  volume	  finite	  element	  method	  for	  the	  stable	  and	  accurate	  	  
soluGon	  of	  the	  driH-‐diffusion	  equaGons	  on	  general	  unstructured	  grids”	  CMAME	  254,	  126-‐145.	  


